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Lecture 3 68/30/32013

THE LUIMIT OF A FUNCTION

MOTIVATION
Brample  Spse ot o ball is almPng from o bl 1000 m above %Qﬂmund

Find the velocﬂa of the ball ofter b secs 07

Son If the distance Havelled aﬂer } sees 15 dencted bxj o(t) and measured

Nasom,

n metes  then it 18 (jlven bj s(t) = 4.9t"

The frouble we have is thal we need 1o find ve\oc{'cd ol a specific hime t =58

rather than a e wnierval

However we can amwoxima‘o; the ve\ocu’«j o t =08 bﬁ compui\‘na the avemae

over the bwr\iz]r hme mlerval  £=5 4ot =59

Ve\OCHd
danqe o oston . 5(51) -s(5) _ 4.4(5.1)"- £(5)
Averaje vlooly = — e
j hime elal)seo\ Bl -5 0

.49



A ——
'

Tme  Inferval

Average veloc{hd

5 ¢t <6 53.9
5¢4¢ 5 49. 49

5 ¢4 ¢5.05 | 49,34
5¢4 ¢5:01 49049

5 <4 < 5.001 [ 49.0049 J

Ave raae veloo) Jnj

over euccosewe\j smaller

hme pe nods .

% a5 we waKe hme Pen‘od shorter , Hoe average ve)och‘j 5 becormha closer 1o 44 m /s

The Instaneous velocﬁj

avera(jo velocrhies over

The ve\oa\*j ofier- b 15 Hmls

INTUITIVE DEFINITION OF LIMIT

when 1=5 5 defmod fo be the hmﬂmj value of these

shorter and shorter }mnoc)s Yol stard £=5

lels invesh‘goie the behaviour of the func}'l‘on f defined b!j f(x) = x*- )

for values of X near 2
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E—

T o | x| )

8 | a4 | 22 \ Qf{%

MRS

1.q | 1.6) | 3.l .41
1.99 t.qeol 3,0 7.0401

1.999 ).(1%00\{ a.001 \CH)O‘\OOi

We se that a5 x 1o close fa & from ether aide , f(x) 15 close fo 2.

Soadual)ﬂ maXe the values of f(X\ ns close as we We Yo 2 b:j ’qu\ha X

Suff\k\en%llj close o 1 .

We express this bj smj{na U the it of the fund’\bn fx) =x-) s x awroochps

3 The notohon 15

him (XQ* 3) =9

X1

DEFN  Spse f(x) 1 o\efmed when X 15 near number a . Then we wrile

b f00) = L and ol “limitof {(x), s xaPFroaches a,ec]ua)s L

X =
)} we can make the values of §(x) as close fo L as we hike ’bj %aK{ncj X
fo be sufffcuen’chj close fo a , but not equal 1o a_

We also ey “ ) aPProoc\nee L as x aprroaches a



IMp When f\ndu'nj the Dotk of {(x) as % awroachos a , we never onsider X =Q

ey
f—————

Ae o matter of fac , we don'} even need flx) to be o\efmacl ol X =0a.

Tho on\j thing thot mafters & how { i defined near a
Hote WDICATES THAT EXACT POINT

ftx)
6 MISSING

/O/ Jn ]C(X)
,,,,,,, X=a
\ I

: 7.

i F(x) = 6 even %uﬂh f(x) 15 not dofmed at x=2

X

Ex  THE HEAVISIDE FUNCTION

s

0 f t<o N

H(t)

1]

1 10 ¢

o what 16 he H(t) 2
X=0

As pu ar‘)roach ]CrOm lof{ Qg X aPPmachos 0 , H(t) aFProaclnos 0.

As you approach from the n‘ﬁht o O, HIt) approoches 1
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So there 1 no sinale nurnber that H(t) oFProacbee as ammaches 0

‘n\erefom hn  H(t) does not exist |
t-0

ONE -SIDED LIMHE

In the above examP\e JHIW approac\nes 0 ast aPProqches 0 from the left

and H(Y) approaches L as { approaches 0 from +he n\ﬂht ‘

We indicate Hhis svuahion sgmbol\n\m‘\\j bf] Nn’nhﬁ ;

hm  H(L) =0 and bm H) = L

ts0” -y

The sambol "t —0”" mdicales thal we consider on\\j volues of t thot are less than O .

: Ay » ) oo 7 arader than O
Likewie 5 "t =07 tndeates " 7" 9 | |

Defm\‘nbn
hm flx) =L {H Im Hx) =1 ond Um fX) =L

X =0 X-0" x-qF



] it
3 1
/A
e -
-+ — | -
-7 =1 o 2 4 T
\ ( = d) hwn 'ﬂ)(>= g
a) )(\_r:)a+ ) 4 e
BDm o fx) = 3 e\xll)m“ fx)= 3
X=q"
) fix) = DNE £y oo ) =3

X4

9) (4) = 4
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PRECISE DEFINITION OF A LIMIT

lol § be a function defined on sorme open nferval hat contains e

number a ,cxcop’c Poss{bla at a \’f@elf. Then we SOj

m fx) = L

f for overy ouraber € 20 there 18 @ correspono\fnj $>0 such that if
O(lx-a\<§> then 'f(x\—l_l<6 ;

=

GCM\“ “‘ o
\

G ctart with a 3wen 650 , daw the honzontal hnes y = L+€ oand y = L-€
and the 3(0‘2}1 of oo im §0 = L, Hhen we can find o number

X0

% >0 such that af we recnel x o be m the wlerval (a-8,a+8) and TaKe x #a

fhen dhe curve lies between j < L-¢ and 'j = L+ g



£ hime permits

X+ 3 X ¢ +2

fx) = 6 .ra<x<3
x1-3 x338
a) hm (%) d) hro HX)
e X3
) hm Flx) e) o Hx)
x-a% X3
o oo TX) fim - 100)
X-3

A=9



